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ERRATUM TO [AXLER-ZHENG TYPE THEOREM ON A CLASS OF DOMAINS IN Cn,
INTEGRAL EQUATIONS OPERATOR THEORY, 77 (2013), NO. 3, 397–405]
Z˘ELJKO C˘UC˘KOVIC´ AND SO¨NMEZ S¸AHUTOG˘LU
We correct an inaccuracy in the statements of Proposition 1, Lemma 1, and Corollary 5 in the
above paper. Furthermore, we add a comment and three related references.
We start by a definition. A domain Ω is said to satisfy condition R if its Bergman projection
maps C∞(Ω) into itself. These domains form a large class. For example, smooth bounded convex
domains as well as smooth bounded pseudoconvex domains on which the ∂-Neumann operator
is compact satisfy condition R (see [BS91, Remark, pg. 82], [KN65]). However, not every smooth
bounded pseudoconvex domain satisfies condition R. For example, the Diederich-Fornæss worm
domains do not satisfy condition R [Chr96].
The reason for writing this correction is that we use a theorem of Bell, which requires the domain
to satisfy condition R, in the proof of the main lemma, Lemma 1 below. In the main results, the
condition R is automatic since the ∂-Neumann operator is assumed to be compact or the domains
are convex. However, in Lemma 1, Proposition 1, and Corollary 5 we need to assume that the
domains satisfy condition R. Now we state the corrected statements.
Lemma 1. Let Ω be a smooth bounded pseudoconvex domain in Cn that satisfies condition R, φ ∈ C(Ω),
and p ∈ bΩ be a strongly pseudoconvex point. Then limz→p φ˜(z) = φ(p).
Proposition 1. Let Ω be a bounded domain in Cn and ψ ∈ C(Ω). Then ‖Tψ‖e ≤ ‖ψ‖L∞(bΩ). Furthermore,
if Ω is smooth bounded pseudoconvex in Cn that satisfies condition R and the set of strongly pseudoconvex
points is dense in bΩ then ‖Tψ‖e = ‖ψ‖L∞(bΩ).
Corollary 5. Let Ω be a smooth bounded pseudoconvex domain in Cn that satisfies condition R and the set of
strongly pseudoconvex points be dense in bΩ. Assume that φ ∈ C(Ω) and limz→p φ˜(z) = 0 for all strongly
pseudoconvex points p ∈ bΩ. Then Tφ is compact.
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AXLER-ZHENG TYPE THEOREM ON A CLASS OF DOMAINS IN Cn
Z˘ELJKO C˘UC˘KOVIC´ AND SO¨NMEZ S¸AHUTOG˘LU
ABSTRACT. We prove a version of Axler-Zheng’s Theorem on smooth bounded pseudoconvex do-
mains in Cn on which the ∂-Neumann operator is compact.
When studying operators on spaces of holomorphic spaces, one of the important questions is
about the compactness of operators. It has been known that on Bergman spaces, it is the Berezin
transform that plays the crucial role in characterizing compact operators. Let S˜ denote the Berezin
transform of S (defined below). Axler-Zheng Theorem [AZ98] states that if S is a finite sum of finite
products of Toeplitz operators on A2(D) with symbols in L∞(D), then S is compact if and only if
S˜(z) → 0 as |z| → 1−. This result has been completed by Sua´rez [Sua´07] to include operators in
the Toeplitz algebra even on the unit ball of Cn. Englisˇ [Eng99] prove the analog of Axler-Zheng
Theorem for Fock (the Segal-Bargmann) space and irreducible bounded symmetric domains in Cn.
We note that Axler-Zheng Theorem is also true on the polydisk as the irreducibilty condition in
[Eng99] can be removed (see [CKL09, pg. 232]). Raimondo [Rai00] found a proof of Axler-Zheng
Theorem for different domains in C. Recently, Mitkovski andWick extendedAxler-Zheng Theorem
to the Bergman spaces Ap(Dn) and with Sua´rez they treated weighted Bergman spaces on the unit
ball in Cn (see [MSW13, MW]).
The purpose of this paper is to provide a version of Axler-Zheng Theorem for quite general
domains in Cn, namely for smooth bounded pseudoconvex domains in Cn. This setting provides a
framework for the use of the methods from several complex variables, in particular the ∂-Neumann
problem. However, that forces symbols to be continuous up to the boundary. Before, we state our
main result, we will introduce notation and basic definitions.
Let Ω be a smooth bounded pseudoconvex domain in Cn. The Bergman space A2(Ω) is the
closed subspace of L2(Ω)(with Lebesgue measure dV) consisting of holomorphic functions on Ω.
Let P : L2(Ω) → A2(Ω) denote the Bergman projection. For φ ∈ L∞(Ω), the Toeplitz operator
with symbol φ is defined as Tφ f = P(φ f ), for f ∈ A2(Ω). Let K denote the Bergman kernel for Ω.
Then K is the unique function on Ω × Ω with the following property: f (z) = 〈 f ,K(z, .)〉, for every
f ∈ A2(Ω) and z ∈ Ω. Then
kz(w) =
K(w, z)√
K(z, z)
is called the normalized Bergman kernel. One can check that ‖kz‖ = 1. Let B(A2(Ω)) denote the
algebra of bounded linear operators on A2(Ω). For S ∈ B(A2(Ω)), the Berezin transform of S is
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defined as the function
S˜(z) = 〈Skz, kz〉 for z ∈ Ω.
We define the Berezin transform of a function φ ∈ L∞(Ω) as φ˜ = T˜φ.
Let T (Ω) denote the norm closed subalgebra of B(A2(Ω)) generated by {Tφ : φ ∈ C(Ω)}. This
algebra has been studied by Coburn [Cob74] in the case of Ω is the open unit disk in C and by Axler,
Conway, and McDonald [ACM82] in case of Ω is a nonempty bounded domain in C. Now we state
our main result.
Theorem 1. Let Ω be a smooth bounded pseudoconvex domain in Cn on which ∂-Neumann operator is
compact. Assume that T ∈ T (Ω) and limz→p T˜(z) = 0 for all p ∈ bΩ. Then T is compact.
Our method uses standard arguments from the ∂-Neumann problem. When the domain Ω is
bounded pseudoconvex, as a result of Ho¨rmander’s work, the complex Laplacian ∂
∗
∂ + ∂∂
∗
(here
∂
∗
is the Hilbert space adjoint of ∂) has a bounded inverse N, known as the ∂-Neumann operator, on
the square integrable (0, 1)-forms on Ω. We refer the reader to [CS01, Str10] for more information
on the ∂-Neumann problem.
Remark 1. The proof of Theorem 1 breaks if the operator T is not in T (Ω). In fact, if the domain Ω
is the unit ball in Cn, Theorem 1 is true whenever T is in the Toeplitz algebra. So in that case T does
not have to be in T (Ω) (see [Sua´07]). It would be interesting to know if the condition T ∈ T (Ω) is
necessary in our theorem.
Remark 2. The class of domains where the ∂-Neumann operator is compact is very large; yet it
excludes certain domains with analytic disks in the boundary. A set X is said to have an analytic
disc if there exists a nonconstant holomorphic mapping f : D → X. The ∂-Neumann operator is
compact on strongly pseudoconvex domains and more generally on domains with property (P)
(or (P˜)) (see [Cat84, McN02] and [Str10, Theorem 4.8]). For example, a bounded convex domain
satisfies Property (P) if and only if there is no analytic disk in its boundary (see [FS98] and [Str10,
Theorem 4.26]). Hence the next corollary follows immediately.
Corollary 1. Let Ω be a smooth bounded convex domain in Cn whose boundary has no analytic disk. Assume
that T ∈ T (Ω) and limz→p T˜(z) = 0 for all p ∈ bΩ. Then T is compact.
Remark 3. Asmentioned in Remark 2, Theorem 1 applies to a large class of domains in Cn. However,
it excludes some simple domains such as the polydisk as the ∂-Neumann operator is not compact on
the polydisk [Sal91] (see also [Kra88, FS98]). In case Ω is a smooth bounded strongly pseudoconvex
in Cn, Theorem 1 is a special case of [AE01, Theorem 2.3].
Corollary 2. Let Ω be a smooth bounded convex domain in C2 and φj ∈ C
1(Ω) for 1 ≤ j ≤ m. Assume that
φj ◦ f is holomorphic for all j and any holomorphic function f : D → bΩ. Then the following are equivalent
i. T = Tφ1 · · · Tφm is compact,
ii. limz→p T˜(z) = 0 for all p ∈ bΩ,
iii. the product φ1φ2 · · · φm = 0 on bΩ.
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Remark 4. Corollary 2 applies to finite sums of finite products of Toeplitz operators as well. Let Ω
be a smooth bounded convex domain in C2 and φj ∈ C(Ω) for 1 ≤ j ≤ m. Assume that φj ◦ f is
holomorphic for all j and any holomorphic function f : D → bΩ and that T is a finite sum of finite
products of Toeplitz operators Tφj . Then compactness of T is equivalent to the continuous function
φ being zero on bΩ where φ is the corresponding finite sum of finite products of the symbols φj.
The techniques in this paper also give us some results about the essential norms of Toeplitz op-
erators with symbols continuous up to the boundary. Let T : X → Y be a bounded linear operator
between two Banach spaces X and Y. Then the essential norm ‖T‖e of T is defined as
‖T‖e = inf{‖T − S‖ : S : X → Y is a compact linear operator}.
We remind the reader that for any ψ ∈ C(Ω) its sup norm on the boundary is defined as
‖ψ‖L∞(bΩ) = sup{|ψ(z)| : z ∈ bΩ}.
For a bounded domain Ω in C, Axler, Conway, and McDonald [ACM82] obtained the essential
spectrum and the essential norm of an arbitrary Toeplitz operator with a symbol in C(Ω). The
following result is an extension of their result about the essential norm.
Proposition 1. Let Ω be a bounded domain in Cn and ψ ∈ C(Ω). Then ‖Tψ‖e ≤ ‖ψ‖L∞(bΩ). Furthermore,
if Ω is smooth bounded pseudoconvex in Cn such that the set of strongly pseudoconvex points is dense in bΩ
then ‖Tψ‖e = ‖ψ‖L∞(bΩ).
We get the following immediate corollaries due to the following facts: compactness of the ∂-
Neumann operator implies that the set of strongly pseudoconvex points is dense in the boundary
in relative topology [S¸S06, Corollary 1]; and in case of convex domains, absence of analytic disks in
the boundary is equivalent to compactness of the ∂-Neumann operator [FS98, Theorem 1.1].
Corollary 3. Let Ω be smooth bounded pseudoconvex domain in Cn and ψ ∈ C(Ω) such that the ∂-
Neumann operator is compact. Then ‖Tψ‖e = ‖ψ‖L∞(bΩ).
Corollary 4. Let Ω be smooth bounded convex in Cn with no analytic disks in the boundary and ψ ∈ C(Ω).
Then ‖Tψ‖e = ‖ψ‖L∞(bΩ).
PROOFS
To prove Theorem 1 we use the following lemma.
Lemma 1. Let Ω be a smooth bounded pseudoconvex domain in Cn, φ ∈ C(Ω), and p ∈ bΩ be a strongly
pseudoconvex point. Then limz→p φ˜(z) = φ(p).
Proof. Without loss of generality we will assume that φ is real valued. Let B(p, r) denote the open
ball centered at pwith radius r. Continuity of φ on Ω implies that for every ε > 0 there exists δ1 > 0
such that |φ(w)− φ(p)| < ε forw ∈ Ω∩ B(p, δ1). Smoothness of the domain implies that there exists
0 < r < δ1 so that every point in B(p, r) ∩ bΩ is strongly pseudoconvex. Then Γ1 = bΩ \ B(p, r)
and Γ2 = bΩ ∩ B(p, r/2) are disjoint open subsets of bΩ. Then [Bel86, Theorem 2] (see also [Boa87,
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Theorem 2]) implies that the Bergman kernel K extends smoothly to Γ1 × Γ2. Since K(z, z) → ∞
as z → p ([Pfl75], see also [JP93, Theorem 6.1.7]), the normalized Bergman kernel |kz|2 converges
uniformly to 0 on Ω \ B(p, δ1) as z → p. Then there exists 0 < δ2 < r/2 such that z ∈ Ω ∩ B(p, δ2)
implies that |kz(w)|2 < ε for all w ∈ Ω \ B(p, δ1). First we will estimate φ˜(z) from above for z ∈
Ω ∩ B(p, δ2). Let M =
∫
Ω
|φ(w)|dV(w) + 1. Then
φ˜(z) =
∫
Ω
φ(w)|kz(w)|
2dV(w)
≤
∫
Ω\B(p,δ1)
|φ(w)||kz(w)|
2dV(w) + (φ(p) + ε)
∫
Ω∩B(p,δ1)
|kz(w)|
2dV(w)
≤ ε
∫
Ω\B(p,δ1)
|φ(w)|dV(w) + (φ(p) + ε)
∫
Ω∩B(p,δ1)
|kz(w)|
2dV(w)
≤ ε
∫
Ω
|φ(w)|dV(w) + (φ(p) + ε)
(
1−
∫
Ω\B(p,δ1)
|kz(w)|
2dV(w)
)
≤ φ(p) + εM+ |φ(p)|
∫
Ω\B(p,δ1)
|kz(w)|
2dV(w)
≤ φ(p) + ε(M+ |φ(p)|V(Ω)).
In the last step we used that fact that
∫
Ω\B(p,δ1)
|kz(w)|2dV(w) ≤ εV(Ω), where V(Ω) denotes the
volume of Ω. Hence for z ∈ Ω ∩ B(p, δ2) we have
φ˜(z)− φ(p) ≤ ε(M+V(Ω)|φ(p)|).(1)
Similarly we estimate φ˜(z) from below as follows:
φ˜(z) =
∫
Ω
φ(w)|kz(w)|
2dV(w)
≥ −
∫
Ω\B(p,δ1)
|φ(w)||kz(w)|
2dV(w) + (φ(p)− ε)
∫
Ω∩B(p,δ1)
|kz(w)|
2dV(w)
≥ −ε
∫
Ω\B(p,δ1)
|φ(w)|dV(w) + (φ(p)− ε)
∫
Ω∩B(p,δ1)
|kz(w)|
2dV(w)
≥ −ε
∫
Ω
|φ(w)|dV(w) + (φ(p)− ε)
(
1−
∫
Ω\B(p,δ1)
|kz(w)|
2dV(w)
)
≥ φ(p)− εM− |φ(p)|
∫
Ω\B(p,δ1)
|kz(w)|
2dV(w)
≥ φ(p)− ε(M+ |φ(p)|V(Ω)).
Hence for z ∈ Ω ∩ B(p, δ2) we have
φ˜(z)− φ(p) ≥ −ε(M+V(Ω)|φ(p)|).(2)
Combining (1) and (2) we showed that for ε > 0 there exists δ2 > 0 so that
−εM ≤ φ˜(z)− φ(p) ≤ εM
for z ∈ Ω ∩ B(p, δ2). Therefore, limz→p φ˜(z) = φ(p). 
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Remark 5. The Berezin transform of a function that is continuous up to the boundary is continuous
on strongly pseudoconvex points in the boundary.
Corollary 5. Let Ω be a smooth bounded pseudoconvex domain in Cn such that the set of strongly pseudo-
convex points is dense in bΩ. Assume that φ ∈ C(Ω) and limz→p φ˜(z) = 0 for all strongly pseudoconvex
points p ∈ bΩ. Then Tφ is compact.
Next we prove Proposition 1.
Proof of Proposition 1. Let us fix α > ‖ψ‖L∞(bΩ) ≥ 0. We will show that there exists a compact opera-
tor S such that ‖Tψ − S‖ < α. Since bΩ is compact and |ψ| < α on bΩ there exists an open neighbor-
hood U of bΩ such that |ψ| < α on U ∩Ω. Let us choose a smooth cut-off function χ ∈ C∞0 (Ω) such
that 0 ≤ χ ≤ 1,χ = 1 on a neighborhood of Ω \U, and χ = 0 on bΩ. Then S = Tχψ is a compact
operator because χψ = 0 on bΩ. Furthermore,
‖Tψ‖e ≤ ‖Tψ − S‖ ≤ sup{|(1− χ(z))ψ(z)| : z ∈ Ω} < α.
Since α is arbitrary we get ‖Tψ‖e ≤ ‖ψ‖L∞(bΩ).
To prove the second part assume that p ∈ bΩ is a strongly pseudoconvex point and ‖Tψ‖e = α0.
Then for every ε > 0 there exists a compact operator K such that ‖Tψ − K‖ < α0 + ε. Applying
the Berezin transform we get |〈(Tψ − K)kz, kz〉| < α0 + ε for all z ∈ Ω. If we let z converge to p,
compactness of K implies that 〈Kkz, kz〉 converges to zero and since p is strongly pseudoconvex
Lemma 1 implies
|ψ(p)| = lim
z→p
|ψ˜(z)| < α0 + ε.
Therefore, we showed that |ψ(z)| ≤ α0 for any strongly pseudoconvex point z ∈ bΩ. Then conti-
nuity of ψ on bΩ and the assumption that the set of strongly pseudoconvex points is dense in the
boundary imply that ‖ψ‖L∞(bΩ) ≤ ‖Tψ‖e. Hence the proof of Proposition 1 is complete. 
In the proof of Theorem 1 we use Hankel operators. The Hankel operator Hφ : A
2(Ω) → L2(Ω)
with a symbol φ ∈ L∞(Ω) is defined by Hφ( f ) = (I − P)(φ f ). Kohn’s formula P = I − ∂
∗
N∂
implies that Hφ( f ) = ∂
∗
N∂(φ f ) for f ∈ A2(Ω) and φ ∈ C(Ω). The following standard fact will be
useful: if N is a compact operator on Ω then Hφ is compact for all φ ∈ C(Ω) (see [Str10, Propositions
4.1 and 4.2]).
Now we are ready to prove the main theorem.
Proof of Theorem 1. First we will prove the theorem in case of T is a finite product of Toeplitz opera-
tors with symbols continuous on Ω. Assume that T = TφmTφm−1 · · · Tφ1 such that φj ∈ C(Ω) for all j
and limz→p T˜(z) = 0 for all p ∈ bΩ. Then T˜ has a continuous extension on Ω and T˜ = 0 on bΩ.
Using the formula H∗
ψ1
Hψ2 = Tψ1ψ2 − Tψ1Tψ2 inductively one can show that
TφmTφm−1 · · · Tφ2Tφ1 =Tφmφm−1···φ2φ1 −
(
TφmTφm−1 · · · Tφ3H
∗
φ2
Hφ1
+ TφmTφm−1 · · · Tφ4H
∗
φ3
Hφ2φ1 + · · ·+ H
∗
φm
Hφm−1···φ2φ1
)
.(3)
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Compactness of the ∂-Neumann operator implies that Hankel operators with symbols continuous
on the closure are compact [Str10, Proposition 4.1 and 4.2]. Therefore, we have
TφmTφm−1 · · · Tφ1 = Tφmφm−1···φ1 + K
where K is a compact operator.
Let φ = φmφm−1 · · · φ1 on Ω. Then T = Tφ + K and
T˜ = T˜φ + K˜.
Since K is compact we have K˜ = 0 on bΩ. Hence, T˜φ = 0 on bΩ. However, Lemma 1 implies that
φ = φ˜ = T˜φ = 0 on strongly pseudoconvex points. Since ∂-Neumann operator is compact, [S¸S06,
Corollary 1] implies that the set of strongly pseudoconvex points is dense in the boundary (in the
relative topology). This fact together with the continuity of φ implies that φ = 0 on bΩ. Hence, Tφ
and in turn T are compact.
In case T is a finite sum of finite products of Toeplitz operators with symbols continuous on Ω
equation (3) implies that there exists φ ∈ C(Ω) and a compact operator K such that T = Tφ + K.
Then by the arguments in the previous paragraph we conclude that φ = 0 on bΩ. Hence, in this
case too, T is compact.
Finally we will prove the Theorem 1 for T ∈ T (Ω). Using (3) we can assume that for every ε > 0
there exist ψε ∈ C(Ω) and a compact operator Kε such that ‖T − Tψε + Kε‖ < ε. Then for z ∈ Ω we
have ∣∣∣T˜(z)− T˜ψε(z) + K˜ε(z)∣∣∣ = ∣∣〈T(kz)− Tψε(kz) + Kε(kz), kz〉∣∣
≤ ‖T − Tψε + Kε‖
< ε
Since we assumed that limz→p T˜(z) = 0 for all p ∈ bΩ and Kε is compact, we have
lim sup
z→p
∣∣∣T˜ψε(p)∣∣∣ < ε
for every p ∈ bΩ. However, Lemma 1 implies that |ψε(p)| = limz→p
∣∣ψ˜ε(z)∣∣ < ε for any strongly
pseudoconvex point p ∈ bΩ. Then using continuity of ψε on Ω together with the fact that strongly
pseudoconvex points are dense in the boundary, we deduce that |ψε| < ε on bΩ. Proposition 1
implies that there exists a compact operator Sε such that ‖Tψε − Sε‖ < ε. Then
‖T − Sε + Kε‖ ≤ ‖T − Tψε + Kε‖+ ‖Tψε − Sε‖ < 2ε.
Therefore, T is in the operator norm closure of subspace of compact operators in the operators.
Since this subspace is closed in the operator norm topology we conclude that T is compact. 
To prove Corollary 2 wewill need the following result. We note that even though the result below
was stated for symbols that are smooth up to the boundary, its proof goes through for symbols that
are continuously differentiable on the closure of the domain.
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Theorem 2 ([CˇS¸09, Theorem 3]). Let Ω be a smooth bounded convex domain in C2 and φ ∈ C1(Ω). If
φ ◦ f is holomorphic for any holomorphic f : D → bΩ, then Hφ is compact.
Proof of Corollary 2. The implication i. ⇒ ii. is a result of compactness of T and the fact that kz
converges to zero weakly as z converges to bΩ.
To prove ii. ⇒ iii. we use Theorem 2 to conclude that Hφj is compact for every j. This fact together
with (3) implies that T = Tφ + K where φ = φ1φ2 · · · φn ∈ C(Ω) and K is a compact operator. Then
ii. implies that φ˜ has a continuous extension to the boundary and φ˜ = 0 on bΩ. On a strongly
pseudoconvex point p ∈ bΩ we have
φ(p) = lim
z→p
φ˜(z) = 0.
Assume that D is a nontrivial analytic disk in bΩ. Then there exists a complex line L ⊂ C2 such that
D = L ∩Ω [CˇS¸09, Lemma 2] (see also [FS98]).
Now we will show that the boundary of D is in the closure of strongly pseudoconvex points in
bΩ. Assume that there exists a point p in the boundary of D that is not in the closure of strongly
pseudoconvex points in bΩ. Then there exists a nontrivial (affine) analytic disk D˜ ⊂ bΩ through p
(see, for example, [Fre74, Theorem 1.1]). Since Ω ⊂ C2 is convex we conclude that D˜ = L˜ ∩Ω for a
complex line L˜. However, p ∈ L ∩ L˜ and since Ω is smooth L and L˜ are perpendicular to the same
normal vector at p. Therefore, L = L˜ and D = D˜. This contradicts with the assumption that p is a
boundary point of the disk D.
The assumption that φ ◦ f is holomorphic for any holomorphic function f : D → bΩ implies
that the restriction φ|D is holomorphic on D for any analytic disk D ⊂ bΩ. Then the maximum
modulus principle applied to φ|D yields that φ = 0 on D. Then continuity of φ on Ω implies that
φ1φ2 · · · φn = φ = 0 on bΩ.
To prove iii. ⇒ i., again we write T = Tφ + K where φ = φ1φ2 · · · φn ∈ C(Ω) and K is a compact
operator. Then compactness of T follows from the fact that Tφ is compact whenever φ = 0 on
bΩ. 
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